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1 Introduction 

The relational structure X = (u, <), where < is the natural order on the set us 
of natural numbers is a structure having the following extremal property: each un- 
sized subset A of u) determines a substructure isomorphic to the whole structure. If 
instead of ((*),<} we take the integer line Z = (Z,<), then we lose the maximality 
of the set of isomorphic substructures (the set of positive integers is not a copy 
of Z). Finally, the minimality of the set of copies is reached by the linear graph 
Gz = (Z, p), where p = {(m, n) : \m — n\ = 1}, since each proper subset A of Z 
determines a disconnected graph and, hence, fails to be a copy of the whole graph. 

We investigate the posets of the form (P(X), c), where X is a relational struc- 
ture and P(X) the set of the domains of its isomorphic substructures. Although 
some our statements are general, the main result of the paper is the diagram on Fig- 
ured] describing an inteiplay between the properties of a countable binary structure 
X and the properties of the corresponding poset (P(X), c). So we obtain a rough 
classification of countable binary structures concerning the forcing-related proper- 
ties of the posets of their copies: for the structures from column A (resp. B; D) 
the corresponding posets are forcing equivalent to the trivial poset (resp. the Cohen 
forcing, ( <w 2, d); a u-closed atomless poset) and the wild animals are in cages C3 
and C4, where the posets of copies are forcing equivalent to the quotients of the 
form P{pj)/X, for some co-analytic tall ideal X. 

Clearly, such classification depends on the model of set theory in which we 
work. For example, under the CH all the structures from column D are in the same 
class (having the posets of copies forcing equivalent to (P(lo)/ Fin) + ), but this is 
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not true in the Mathias model. Also the classification is very rough. Namely, it is 
easy to see that equimorphic structures have forcing equivalent posets of copies O 
and, hence, all countable non-scattered linear orders are equivalent in this sense. 
Moreover, the class of structures satisfying P(X) = {X} contains continuum many 
non-equimorphic structures ||8]. 
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Figure 1: Binary relations on countable sets 

A few words on notation. Let L = {Ri : i G /} be a relational language, where 
ar(.Rj) = rij, i € I. An L-structure X = (X, {pi : i € I}) is called countable iff 
\X\ = oj; binary iff L = {R} and ar(i?) = 2. If A C X, then {A, {{Pi)a 
is a substructure of X, where (pi)A = Pi H A n \ i e I. If Y = (Y, {ai : i € /}) is 
an L-structure too, a mapping / : X — > Y is an embedding (we write X^j ¥) iff 
it is an injection and 

ViG I V(xi,...x ni ) el"' ((xi,...,x ni ) G / Oi-^(/(xi),...,/(x n J) 6<7i). 
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If X embeds in Y we write X ^ Y. Let Emb(X, Y) = {/ : X ^ f Y} and 
Emb(X) = {/ : X >-j X}. If, in addition, / is a surjection, it is an isomorphism 
(we write X=j Y) and the structures X and Y are isomorphic, in notation X = Y. 
So we investigate the posets of the form (P(X), c), where X = (X, {pi : i G I}) 
is a relational structure and 

P(X) = {A C X : (A, {(p t ) A : i G J}) = X} = {/[X] : / € Emb(X)}. 

More generally, if Y = (Y, {ai : i G /}) is a structure of the same language, let 

P(X, Y) = {B C Y : (B, {(a t ) B : i G /}} = X} = {/[X] : / G Emb(X, Y)}. 

2 Homogeneity and atoms 

If P = (P, <) is a partial order, p, g G P are compatible iff there is r < p, g. 
Otherwise p and g are incompatible and we write p ± (7. p G P is an atom, in 
notation p G At(P), iff each q,r < p are compatible. P is called: atomless iff 
At(P) = 0; atomic iff At(P) is dense in P; homogeneous iff it has the largest 
element and P = pl= (— oo,p]p, for each p G P. Clearly we have 

Fact 2.1 A homogeneous poset P = (P, <} is either atomless or downwards di- 
rected and At (P) = P in the second case. 

A family B is an uniform filter base on a set X iff (UFB1) / B C [X]\ x \; 
(UFB2) For each A, B e B there is C G B such that CcinB. 

Theorem 2.2 Let X = (X, {pi : i G /}} be a relational structure. Then 

(a) (P(X), c) is a homogeneous poset; 

(b) (P(X), c) is either atomless or atomic; 

(c) (P(X), c) is atomless iff it contains two incompatible elements; 

(d) If (P(X), C) is atomic, then At(P(X)) = P(X) and, moreover, P(X) is an 
uniform filter base on X. Also f| P(X) G P(X) iff P(X) = {X}. 

Proof, (a) Clearly, 1 P(X) = X. Let C G P(X) and / G Emb(X), where C = f[X}. 
We show that (P(X), c) =f ((-00, C] P ( X ), C), where the function F is defined 
by F(A) = f[A], for each A G P(X). For A G P(X) we have F(A) C C and 
there is g G Emb(X) such that A = g[X\. Clearly / o g G Emb(X) and, hence, 
F(A) = f[g[X}] G P(X). Thus F : P(X) (-00, C] P(X) . 

Since / is an injection, f[A] = f[B] implies A = B, so F is an injection. 

Let P(X) 3 B C C. Since B C f[X] we have B = /[/^[B}} and, clearly, 

(f-'mAiPi)^] ■ i G /}> =/|/-i[B] <5,{(«)b : » G /}} ^ X. Thus 
/-^P] G P(X) and P = P(/- 1 [P]), so P is a surjection. 
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Since / is an injection, for A, B G P(X) we have A C B f[A] C f[B]. 
Thus F is an order isomorphism. 

(b) Follows from (a) and Fact l2.ll 

(c) If P(X) contains two incompatible elements, then it is not downwards di- 
rected and, by Fact 12. 11 must be atomless. 

(d) Let (P(X), C) be atomic. By Fact[2j] At(P(X)) = P(X) and P(X) satisfies 
(UFB2). Since X G P(X) C [X}W, (UFB1) holds as well. Suppose that A = 
f|P(X) G P(X) and P(X) / {X}. Then A CJ X and, since P(X) = A±, there is 
B G P(X) such that B £ A. A contradiction. □ 

3 The complexity and size 

For each relational structure X we have {X} C P(X) C and P(X) is of 

size 1 or infinite, because if / G Emb(X) and f[X] ^ X, then f n [X], n G N, is a 
decreasing sequence of elements of P(X). Now we show that |P(X)| G {1, No, c}. 

By 2 aJ and oj w we denote the Cantor cube and the Baire space and : 2 W — > 2 
and TTk ■ oj u — > oj, k G oj, will be the corresponding projections. As usual, the 
mapping \ '■ P{w) ~^ 2 W , where x(A) = xa, for each A C oj, identifies the 
subsets of oj with their characteristic functions and a set <S C P(oj) is called closed 
(Borel, analytic ...) iff x[<S] is a closed (Borel, analytic ...) set in the space 2 W . 

For S C P(u) let S f= {A C u : 3S G S S C A} and, for A C 2 W , let 
.A 7= {i £ 2 U : ]a 6 A a < x}, where a < x means that a(n) < x{n), for all 
n G oj. Instead of {a} f we will write a|. 

Theorem 3.1 If X = (X, {p^ : i G I}) is a countable relational structure and 

1 X = {I CX : ~^3A G P(X) A C I}, then 

(a) P(X) is an analytic set; 

(b) P(X) f is an analytic set; 

(c) Zx is a co-analytic set containing the ideal Finx of finite subsets of X; 

(d) The sets P(X) and P(X)t have the Baire property and size 1, No or c. 

Proof. Without loss of generality we suppose X = oj. Let ar(pj) = rtj, i G I. 
(a) This statement is a folklore but, for completeness, we include its proof. 

Claim 1. Emb(X) is a closed set in the Baire space, oj w . 

Proof of Claim 1. We show that the set w a; \Emb(X) is open. Let / G w w \Emb(X). 

If / is not an injection and m, n G oj, where m ^ n and f(m) = f(n) = k, 
then 7T" 1 [{k}] PI 7T" 1 [{k}] is a neighborhood of / contained in oj w \ Emb(X). 

Otherwise there are i £ I and mi, . . . , m ni G oj such that (mi, . . . , m nx ) G 
Pi ^ (/(mi), • • • , /KJ) G ^. Then B = nj< ni 7r m J [{/(mj)}] is a neighbor- 
hood of / contained in oj u \ Emb(X). 
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Claim 2. The mapping F : uj w — > 2 W defined by F(f) = Xf[u] is a Borel mapping. 

Proof of Claim 2. By HI, p. 71, it is sufficient to show that F^ 1 [p~ l [{j}}] is a Borel 
set, for each n G uj and j G 2. Clearly, for / G a/" we have / G ^ ?_1 [Pn 1 [0 }]] ^ 
X/[«](n) = J- Thus / G F-MPnMll}]] iff " € /[w] iff f(k) = n, that is / G 
^[{n}], for some k G w. So ^[^[{l}]] = U fc6w ^ [{«}] is an open set 
and, similarly, i ?_1 [p^ 1 [{0}]] = u) u \ [j keuJ 7r A T 1 [{n}] is closed and, hence, Borel. 

Claim 3. x[P(X)] = F[Emb(X)]. 

Proof of Claim 3. Since \ i s a bijection, for yl C w we have: xa G x[P(X)] iff 
A G P(X) iff A = f[uj], that is X A = Xf[uj] = F{f), for some / G Emb(X) iff 
XA € F[Emb(X)]. 

By Claims 1 and 2, F[Emb(X)] is an analytic set (see e.g. fl], p. 86). Thus, by 
Claim 3, the set x[P(X)] is analytic. 

(b) If we regard the set Emb(X) as a subspace of the Baire space uj w , then 
{^[W] nEmb(X) : k,n G uj} is a subbase for the corresponding topology on 
Emb(X) and we have 

Claim 4. B = U/<=Emb(x) {/} x Xf[u] t i s a closed set in the product Emb(X) x 2 W . 

Proof of Claim 4. Let (/, x) G (Emb(X) x 2 W ) \ B. Then x x/M t and, hence, 
there is no G w such that x{tiq) < X/[w]( n o)- Thus, first, x(uq) = 0, which implies 
x G Pnn X [{^}] anf i' secon d, Xf[uj]( n o) = 1> that is uq G /[w] so there is k$ G w 
satisfying /(&o) = no and, hence, / G ir^ [{no}]. Now we have (f,x) G O = 
(n^[{n }] n Emb(X)) x ^[{0}] and we show that O D B = ®. Suppose that 
(g,y) G O n B. Then, since (g,y) G O, we have g(ko) = uq and y(no) = 0; 
since (g,y) G B we have y > Xg[w]> which implies Vn G g[u] y(n) = 1. So 
y(rto) = implies no £ ffM> which is not true because g(ko) = no- Thus O is a 
neighborhood of (/, x) contained in (Emb(X) x 2 U ) \ B and this set is open. 

Claim 5. x[P(X)t] = ir&>[B], where vr 2 - : Emb(X) x 2 W -> 2 W is the projection. 

Proof of Claim 5. If x G x[P(X) t]. then there are C G P(X) and A such that 
C C A C ui and x = XA- Let / G Emb(X), where C = /[w]. Then f[oj] C ^ 
implies x > X/[u>] and, hence, (/, x) G -B and x = 7T2w((/, x}) G 7T2«[B]. 

If x G 7T2^[-B], then there is / G Emb(X) such that x > X/M and for A = 
x _1 [{l}] we have x = X A > X/[w]» which implies P(X) 9 /[w] C A, that is 
A G P(X)| and, hence, x = x(A) G x[P(X) t]. 

By Claim 1, Emb(X) is a Polish space so Emb(X) x 2 W is a Polish space too. Since 
the projection 7^ is continuous, it is a Borel mapping and, by Claim 4, 7^ [B] is 
an analytic set (see Q, P- 86). By Claim 5 the set x[P(X)t] is analytic as well. 
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(c) follows from (b) and the equality X x = P(X) \ P(X) t- 

(d) follows from (a), (b) and known facts about analytic sets (see HI). □ 

4 The separative quotient 

A partial order P = (P, <) is called separative iff for each p,q G P satisfying 
p j£ q there is r G P such that r < p and r _L q. The separative modification of P is 
the separative pre-order sm(P) = (P, <*), where p <* g iff Vr < p 3s < r s < q. 
The separative quotient of P is the separative partial order sq(P) = (P/ =*,<}, 
where p =* q 43> p <* q A q <* p and [p] < [5] 44> p <* g. 

If k is a regular cardinal, a pre-order P = (P, <} is n-closed iff for each 7 < k 
each sequence (p Q : a < 7) in P, such that a < [3 ^> pp < p a , has a lower bound, 
wi-closed pre-orders are called a-closed and the following facts are well known. 

Fact 4.1 Let P be a partial order. Then 

(a) P, sm(P) and sq(P) are forcing equivalent forcing notions; 

(b) P is atomless iff sm(P) is atomless iff sq(P) is atomless. 

Fact 4.2 If k <k = k, then all atomless separative K-closed pre-orders of size k, 
are forcing equivalent (for example to the tree ( <k k,d)). 

Theorem 4.3 Let X = {X, {pi : i E I}) be a relational structure. Then 

(a) sm(P(X), C) = (P(X), <*}, where for A, B G P(X) 

A <* B & VC G P(X) (Cci4 3D G P(X) D C C n B)\ (1) 

(b) I sq(P(X), C) [ = 1 iff (P(X), c) is atomic; 

(c) I sq(P(X), c)| > No iff <P(X), C) is atomless; 

(d) If I sq(P(X), c)| = No, then (P(X), c) is forcing equivalent to the reversed 
binary tree ( <w 2, d) (a forcing notion adding one Cohen real); 

(e) If CH holds and sq(P(X),c) is a-closed, atomless and of size c, then 
(P(X), c) is forcing equivalent to (P(w)/Fin) + . 

Proof, (a) This follows directly from the definition of the separative modification. 

(b) If I sq(P(X), c)| = 1, then for each A,B £ P(X) we have A <* B so, 
by O, there is D G P(X) such that D C A n B. Thus (P(X), c) is downwards 
directed and, hence, atomic. 

If (P(X), C) is atomic and A, B G P(X), then, by Theorem |l2d), for each 
C G P(X) satisfying C C A there is D G P(X) such that D C C n B. Thus, by 
O, A <* B, for each A,B £ P(X). Hence A =* B, for each A,B e P(X), and, 
consequently, |sq(P(X),c)[ = 1. 
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(c) The implication "=^>" follows from (b) and Theorem 12.21 b). If the poset 
(P(X), c) is atomless, then it contains an infinite antichain {A n : n G ui}. By (a), 
A <* B implies that A and B are compatible, thus A m ^* A n , for m 7^ n, which 
implies that the set sq(P(X), c) is infinite. 

(d) If I sq(P(X), C) I = N , then, by (c), the partial order (P(X), c) is atomless 
and, by FactSjJb), sq(P(X), c) is atomless as well. By Facts EQa) and 02] (for 
k = cj), (P(X), C) is forcing equivalent to the forcing ( <u1 uj, d) or to ( <w 2, d). 

(e) follows from Facts 14. it a) and 14.21 (for k = uj\). □ 

Example 4.4 (P(X), c) is a separative poset isomorphic to { <UJ 2, d). Let G<^ 2 
be the digraph ( <w 2, p), where p = {(ip, <p"i) : ip G <w 2 A i G 2}. For ip G <u) 2 
let ^ = {ip G <w 2 : 99 C ip} and let us prove that 

P(G< W2 ) = {A^ : G <aJ 2}. (2) 

The inclusion "D" is evident. Conversely, if A G P(G<^ 2 ) an d / : G<^ 2 ^ G<u> 2 , 
where A = /[ <w 2], we show that A = Af$y 

First, if f(p) G A and dom(<p) = re, then, since (tp \ k,p \ (k + 1)) G p, 
for fc < re — 1, we have (/(<p f k),f(tp \ (k + 1))) G p, for k < n. But 
this is an oriented path from f(tp f 0) = /(0) to /(</? f n) = /(</?), which 
implies /(0) C /(<p), that is /(<p) G -4/(0)- Second, by induction we show that 
/(0)~fj G A for all 7? G <w 2. Let /(0)~7? G A. Then /(0)~7? = /f», for some 
V> G <w 2. Since (ip,ip"k) G p, for fc G {0,1}, we have (f(ip),f(ip~k)) G p 
and, hence, f(ip~k) = f(ip)"jk = /(0)~fTjjfc. where j' A G {0, 1}. Since / is an 
injection we have jo 7^ ji and, hence, /(0)^r/^O and /(0)^^1 are elements of A. 
So ^4 = ^4/(0) and the proof of (|2]) is finished. 

Using ©it is easy to see that ( <W 2,D) =p {F(G<w 2 ), C), where F(<p) = A^. 

5 Indivisible structures. Forcing with quotients 

A relational structure X = (X, {pi : i G I}) is called indivisible iff for each 
partition J = i U 5 we have X <— >■ ^4 or X f?. The aim of this section is to 
locate indivisible structures in our diagram. 

Theorem 5.1 A relational structure X is indivisible iff Zx is an ideal in P{X). 

Proof. Let X be a indivisible structure. Clearly, G Z% $ X and I' C I € Z% 
implies /' G Z%. Suppose that I U J G" Zx, for some I, J G Z%. Then C C I U J, 
for some C G P(X) and C = (CnJ)U(Cn(J\J)). Since C ^ X, Cis indivisible 
and, hence, there is A G P(C) C P(X) such that A C C n I or A C C n ( J \ I), 
which is impossible because I, J £ Zx- Thus Z% is an ideal. 
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Let X be a divisible and let X = A U B be a partition such that X y^> A and 
X</> B. Then A,BeI x and, clearly, iUB^l x . Thus X x is not an ideal. □ 

Theorem 5.2 If X = (X, {pi : i G I}) is an indivisible relational structure, then 

(a) sm(P(X), C) = (P(X), Cj x ), where A Cz x B & A \ B G X x ; 

(b) sq(P(X),c) is isomorphic to a dense subset of {(P(X)/ =x x ) + ,<i x ). 
Hence the poset (P(X), c) is forcing equivalent to (P(X)/X x ) + . 

Proof, (a) Let A\B E X x . If C G P(X) and CcA then C \ B G X x and, since 
X x is an ideal and C X x , we have Cf\B Xx and, hence, D C C n 5, for some 
D G P(X). By © we have A <* B. 

If A\B g" Xx, then C C A \ B, for some C G P(X) and C n S = so, by 
©, we have -.A <* 5. 

(b) By (a) and the definition of the separative quotient, we have sq(P(X), c) = 
(P(X)/=*,<>, where for A,B G P(X), 

A=*B^AABel x and [A]=* < [B]=. ^A\Bel x . (3) 

We show that (P(X) /=*,<) ^ f ((P(X)/1 X )+, < Ix ), where /([A]=.) = [4]=^. 
By @ and (a), [A] = * = [B]=* iff A =* B iff A A B G X x iff A =j x B iff 
[A] =Ix = [B] =Xs iff /([A]=. ) = f([B] = * ) and / is a well defined injection. 

/ is a strong homomorphism since [A]=* < [^]=* iff A\B G X x iff [A] =x <i x 
[ J B] =Ix iff/([A] = ,)<x x /([ J B]=0- 

We prove that /[P(X)/=*] is a dense subset of (P(X)/= X% ) + . If [S}= Xj[ G 
(P(X)/= Xx ) + , then 5 ^ I x and there is A G P(X) such that A C S. Hence 
A c Xx S and /(^]=.) = [A] =I% < Xx [5] =% . 

By Fact 14. l\ a) these three posets are forcing equivalent. □ 

Confirming a conjecture of Fraisse Pouzet proved that each countable indivisible 
structure contains two disjoint copies of itself [9 ]. This is, essentially, the statement 
(a) of the following theorem but, for completeness, we include a proof. 

Theorem 5.3 If X = (lo, {pi : i G I}) is a countable indivisible structure, then 

(a) (P(X), c) is an atomless partial order (Pouzet); 

(b) |P(X)| = c; 

(c) |sq(P(X),c)| >u. 

Proof, (a) Suppose that (P(X),c) is not atomless. Then, by Theorem I2.2f d). 
U = P(X) 7 is a uniform filter on oj. Since X is indivisible, for each A d uj there 
is C G P(X) such that C C A and, hence, A G U, or C C u \ A, and, hence, 
uj\A ElA. Thus P(X) t is a uniform ultrafilter on co and, by a well known theorem 
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of Sierpiriski, does not have the Baire property (see e.g. |[D, p. 56). A contradiction 
to Theorem 13. II 

(b) Suppose that |P(X)| < c. Then, by (a) and TheoremED we have |P(X)| = 
ui and, hence, P(X) = {C n : n G lo} C [oj] w . Since each countable subfamily of 
[lo]^ can be reaped, there is A G [lo\ u such that \C n n A\ = \C n \A\ = uj, for 
each n G w, and, hence, neither A nor u; \ ^4 contain an element of P(X), which 
contradicts the assumption that X is indivisible. 

(c) This is Theorem 3 . 1 2 of |ffl . □ 

6 Embedding-maximal structures 

A relational structure X will be called embedding-maximal iff P(X) = [X]' X L In 
this section we characterize countable embedding-maximal structures and obtain 
more information on the structures which do not have this property. If P = (P, <) 
is a partial order, a set S C P is somewhere dense in P iff there is p G P such that 
for each q < p there is s G S satisfying s < q. Otherwise, S is nowhere dense. 

Theorem 6.1 For a countable binary relational structure X = (uj, p) the following 
conditions are equivalent: 

(a) P(X) = [uf; 

(b) P(X) is a dense set in ([u] u , C); 

(c) X = (lo, p) is isomorphic to one of the following relational structures: 

1 The empty relation, (cl>,0), 

2 The complete graph, (lo, lo 2 \ A w ), 

3 The natural strict linear order on lo, (lo, <}, 

4 The inverse of the natural strict linear order on lo, (lo, < _1 ), 

5 The diagonal relation, (w, A u ), 

6 The full relation, (lo,lo 2 ), 

7 The natural linear order on lo, (lo,<), 

8 The inverse of the natural linear order onw, (w, < _1 ); 

(d) P(X) is a somewhere dense set in ({lo]^ , c); 

(e) X x = Fin. 

Then the poset sq(P(X), c) = (P(w)/Fin) + is atomless and c-closed. 

Proof. The implication (a) (b) is trivial and it is easy to check (c) =^ (a), 
(b) (c). Let P(X) be a dense set in ([oo]" , c). 

Claim 1. The relation p is reflexive or irreflexive. 

Proof of Claim 1. If R = {x G lo : xpx} G [lo\ w , then there is C C R such that 
(to,p) = (C,pc) and, since pc is reflexive, p is reflexive as well. Otherwise we 
have / = {x G lo : -<xpx} G [lo]^ and, similarly, p must be irreflexive. 
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Claim 2. If the relation p is irrefiexive, then the structure (oj, p) is isomorphic to 
one of the structures 1-4 from (c). 

Proof of Claim 2. Clearly, [uj] 2 = K U K\ U K 2 U K 3 , where the sets 

Kq = {{x, y} G [a;] 2 : ^xpy A ~^ypx}, 

Ki = {{x, y} G [uj] 2 : xpy A ypx}, 

K2 = {{x, y} G [a;] 2 : xpy A ~<ypx A x < y}, 

K3 = {{x, y} G [a;] 2 : xpy A -<ypx A x > y}, 
are disjoint. By Ramsey's theorem there are H G [uj] w and i G {0, 1, 2, 3} such 
that [ii] 2 C Ki. Since P(X) is a dense set in c), there is C C H such that 

{u,p)*(C,pc). (4) 

If [ii] 2 C -Ko, th en f° r different x,y G C we have -<xpy and, since p is 
irrefiexive, pc = 0. By © we have p = 0. 

If [ii] 2 C ivi, then for different x, y G C we have xpy and ypx. So, since p 
is irrefiexive, pc = C 2 \ Ac, that is the structure (C, pc) is a countable complete 
graph. By © we have p = uj 2 \ A w . 

If [H\ 2 C i^, then for different x,y G C we have 

(xpy A ~iypx A x < y) V (ypx A ->xpy Ay < x). (5) 
Let us prove that for each x, y G C 

xpy O x < y. (6) 

If x = y, then, since p is irrefiexive, we have -izpy and, since ->x < y, © is true. 

If x < y, by © we have xpy and © is true. 

If x > y, by © we have -<xpy and, since ->x < y, © is true again. 
Since © holds for each x, y G C we have pc =<c- Clearly (C, <c) — (oj, <), 
which, together with ©, implies (oj, p) = (uj, <). 

If [H\ 2 C then as in the previous case we show that (oj, p) = (uj, < _1 ). 

Claim 3. If the relation p is reflexive and Y = (oj,p\ A w ), then 

(i) P(Y) is a dense set in ([oj] w , c); 

(ii) The structure (oj, p) is isomorphic to one of the structures 5-8 from (c). 

Proof of Claim 3. (i) Let A G [ujf , C C A and (w,p) =/ (C,p c ). Then, since 
/ is an isomorphism, we have (xi, x 2 ) G p \ A w iff (xi, X2) G p A xi / X2 iff 
(/(X!),/(X2)) G p C A/(x!) ^ /(x 2 )iff (f(x 1 ),f(x 2 )) G p c \A w = (p\A w ) c . 
Thus ((j,p\A w ) ^/ (C, (p\A w )c), which implies C G P(Y). 

(ii) Since p \ is an irrefiexive relation, by (i) and Claim 2 the structure 
(oj,p\ A w ) is isomorphic to one of the structures 1-4. Hence the structure (oj, p) 
is isomorphic to one of the structures 5-8. 
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(b) ^ (e). Since Z x = P(w) \ (P(X) t) we have: P(X) is a dense set in 
([u] u , C) iff P(X)|= M w iff X x = Fin. 
(b) => (d) is trivial. 

(d) (b) Let P(X) be dense below A G Then there are C C A and / 

such that X =f (C, pc) and, by the assumption, 

VB G [Cf 3D G P(X) D C B. (7) 

For 5 G [uf we have /[S] G [Cf 1 and, by ©, there is D C /[£] such that 
X = (D,p D ). Since / is an injection we have f~ l [D] C S; D C /[S] implies 

= D and, since / is an isomorphism, (/ _1 [_D], Pj-ipj) = 
(£>, pr>) and, hence, Z^ 1 ^] 6 P(X). Thus P(X) is a dense set in ([cjf , c). □ 

Corollary 6.2 If X = (cj, p) is a countable binary relational structure, then 

(a) P(X) = or P(X) is a nowhere dense set in c); 

(b) If X is indivisible, then %%_ = Fin or Zx is a tall ideal (that is, for each 
S G there is I G X x n 

Proof, (b) If Zx 7^ Fin, then, by Theorem 16. II P(X) is a nowhere dense subset of 
[u)} w , so for 5 G M w there is I G [S 1 ]^ such that Ac I, for no A G P(X), which 
means that / G Z x . □ 



7 Embeddings of disconnected structures 

If Xj = (X{,Pi), i € I, are binary relational structures and X{ n = 0, for 
different i, j G /, then the structure (J ig/ Xj = (\J ieI Xi, \J ieI Pi) will be called 
the disjoint union of the structures Xj, i G I. 

If (X, p) is a binary structure, then the transitive closure p rs t of the relation 
p rs = AxUpUp -1 (given by x p rs t V iff there are n G N and zq = x, Z\, . . . , z n = 
y such that z% p rs z%+i, for each i < n) is the minimal equivalence relation on X 
containing p. In the sequel the relation p rst will be denoted by ~ p or ~. Then for 
x G X the corresponding element of the quotient X/~ will be denoted by [x]~ 
or [x]rv or only by [x], if the context admits, and called the component of (X,p) 
containing x. The structure (X,p) will be called connected iff \X/~ \ = 1. The 
main result of this section is Theorem 17 . 5 1 describing embeddings of disconnected 
structures and providing several constructions in the sequel. 

Lemma 7.1 Let (X, p) = (\J ieI Xi, [j ieI Pi) be a disjoint union of binary struc- 
tures. Then for each i G I and each x G Xi we have 

(a) [a?] C Xn 

(b) [x] = Xi, if (Xi, pi) is a connected structure. 
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Proof, (a) Let y E [x] and zq = x, Z\, . . . , z n = y G X, where z k p rs z k +i, for 
each k < n. Using induction we show that z k G X 2 , for each k < n. Suppose that 
Zk G Xi. Then z k p rs Zk+i an d, if z k = Zfe+i, we are done. If (z k , Zk+i) G p, there 
is j € I such that (z^, z^+i) G pj C Xj x Xj and, since 2^ G Xi, we have j = i 
and, hence, G Xi. If (zk,Zk+i) G p _1 , then (^fc+i,^) G p and, similarly, 
Zfc+i G ^ again. 

(b) Let (Xi,pi) be a connected structure and y G Xi. Then x ~ Pi y and, 
hence, there are zq = x, z±, . . . , z n = y G Xj, where for each k < n we have 

£fc (Pi)rs «jfc+l' that is z k = Zk+i V z fc Pi z k +i V z fc (p;) -1 z k+1 , which implies 
-Zfc Prs Zk+i- Thus y ^ p x and, hence, y G [x]. □ 

Proposition 7.2 If (X, p) is a binary structure, then (UxexM* LLex * s tne 
unique representation of (X, p) as a disjoint union of connected relations. 

Proof. Clearly X = UzexM * s a partition of X and [] x£X P\x] c P- If (xj y) G p, 
then x ~ y, which implies x, y G [x]. Hence (x, y) G p n ([x] x [x]) = p[ x ] and 
we have p = \J x€X p [x] . 

We show that the structures ([x], pui), x G X, are connected. Let y G [x] and 
zq = x, z\, . . . , z n = y G X, where z k p rs z k +i, for each k < n. Using induction 
we show that 

V/c < n Zk G [x]. (8) 

Suppose that z k G [x]. Then z k p rs Zfc+i and, if = z k+ i, we are done. If 
(zk, Zk+i) G p, there is u G X such that (z^, Zfc+i) G pr u i C [u] x [u] and, since 
Zfc G [x], we have [u] = [x] and, hence, z k +\ G [x]. If {z k ,Zk+i) G p -1 , then 
(zk+i, Zk) G p and, similarly, z k +i G [x] again. 

For each k < n we have (z^, Zfc+i) G Ax U p U p _1 so, by ([8]>, (z^, Zfc+i) G 
A [a .] U p [x] U p^ = (p[ x ]) rs - Thus x ~p H y and, since the relation ~ Pw is 
symmetric, y ~ x, for each y G [x]. Since the relation , is transitive, for 
each y, z G [x] we have y , z and, hence, ([x], p^j) is a connected structure. 

For a proof of the uniqueness of the representation, suppose that (X, p) = 
(Uj g j X{, Uj e j Pi) is a disjoint union, where the structures (Xj,pj), i E I, are 
connected. By Lemma ITTT b). for i G 7 and x G Xj we have Xj = [x] and, hence, 
Pi = pn(XixXi) = pn([x]x[x]) = p [a; ]. Thus (Xj,pj) = ([x],p[ x ]}. On the other 
hand, if x G X, then x G Xj, for some i G I, and, similarly, ([x], pm) = (Xj, pj). 
Consequently we have {(Xj,pj) : i £ 1} = {(N,P[a;]) : x S X}. □ 

Proposition 7.3 Let (X, p) be a binary relational structure and p c = (X x X) \ p 
the complement of p. Then 

(a) At least one of the structures (X, p) and (X, p c ) is connected; 

(b) Emb(X, p) = Emb(X, p c ) and P(X, p) = P(X, p c ). 
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Proof, (a) Suppose that the structure X = (X, p) is disconnected. Then, by Propo- 
sition [L2J X is the disjoint union of connected structures X,; = (Xi,pi), i G I, 
and we show that {X,p c ) is connected. Let x,y G X. If x G Xj and y G Xj, 
where i ^ j, then x ^ p y, which implies (x, y) p, thus (x, y) G p c and, hence, 
x ~ p c y. Otherwise, if x, y G Xj, for some i & I, then we pick j G / \ {£} and 
z G Xj and, as in the previous case, x ~ p c z and y ~ p c 2 and, since ~ pC is an 
equivalence relation, x ~ p c y again. 

(b) If / G Emb(X, p), then / is an injection and for each x,y G X we 
have (x,y) G p O (f(x)J(y)) G p, that is (x,y) G p c 4^ (f(x)J(y)) G p c 
and, hence, / G Emb(X, p c ). The another implication has a similar proof. Now 
P(X,p) = {/[X] : / G Emb(X,p)} = {/[X] : / G Emb(X,p c }} = ¥(X,p c ). 
□ 

Lemma 7.4 Let (X, p) and (Y, r) be binary structures and / : X — > Y an embed- 
ding. Then for each xi, X2, x G X 

(a) xi/) rs x 2 f(x 1 )T rs f(x 2 ); 

(b) xi ~ p x 2 => f(x x ) ~ r /(x 2 ); 

(c) f[[x]} C [/(x)]; 

(d) / | [x] : [x] — > f[[x]] is an isomorphism. 
If, in addition, / is an isomorphism, then 

(e) xi ~ p x 2 /(xi) ~ r /(x 2 ); 

(f) /[[x]] = [/(x)]; 

(g) (X, p) is connected iff (Y, r) is connected. 

Proof, (a) Since / is an injection and a strong homomorphism we have x\ p rs x-i iff 
x x = x 2 V Xi p x 2 V x 2 p xi iff /(xi) = /(x 2 ) V /(xi) p /(x 2 ) V /(x 2 ) p f{x\) 
iff /(xi) T rs f(x 2 ). 

(b) If xi ~ p x 2 , then there are zq, z\, . . . , z n G X such that xi = Prs ^i Prs 
...p rs z n = x 2 and, by (a), f(x 1 ) = f(z ) r rs f(zi) T rs ...T rs f(z n ) = /(x 2 ) 
and, hence, /(xi) ~ T /(x 2 ). 

(c) If x' G [x], then x' ~ p x and, by (b), f(x') ~ r f(x) so /(x') G [/(x)]. 

(d) Clearly, / 1 [x] is a bijection. Since / is a strong homomorphism, for x± , x 2 G 
[x] we havexi px 2 iff f(xi) r/(x 2 ) iff (/|[x])(x x ) r(/|[x])(x 2 ). 

(e) The implication "=^" is proved in (b). If f(x±) ~ r /(x 2 ), then, applying 
(b) to f~ x we obtain xi ~ p x 2 . 

(f) The inclusion "C" is proved in (b). Let y G [/(x)], that is y ~ r /(x). Since 
/ is a bijection there is x' G X such that y = f(x') and, by (e), x' ~ p x, that is 
x' G [x]. Hence y G /[[x]]. 

(g) follows from (e). □ 
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Theorem 7.5 Let Xj = (Xj, Pi),i £ /, and Yj = {Yj,aj),j £ J, be two families 
of disjoint connected binary structures and X and Y their unions. Then 

(a) F : X Y iff there are / : I -» J and : Xj ^ ^f(i), « G ^> such that 
F = Uie/ ft and 

V{ii,*2} € [I] 2 Va^ G Xj x Vx i2 G Xj 2 -i ffi^SiJ a rs g i2 {x i2 ). (9) 

(b) C G P(X) iff there are / : / -> I and jj : Xj -4 X /(i) , i G J, such that 

V{*, j} G [I] 2 Vx G Xj Vy G X,- - /? rs 9j (y). (10) 

Proof, (a) (=>) Let F : X >->• Y. By Proposition [7j2j the sets Xj, i £ I, are 
components of X and ij, j G /, are components of Y. By Lemma 1741 c). for 
i G I and x G Xj we have F[[x]] C [F(x)] so there is (unique) f(i) G J, 
such that F[Xi] C Y /( j). By Lemma ESd), F|Xj : Xj -> F[Xj] C Y/ W is an 
isomorphism and, hence, gi : Xj > Yj(j), where the mapping ^ : Xj — > Yfu\ 
is given by gi{x) = F(x). Clearly f : I —¥ J and F = Uie/ft- Suppose that 
gh{ x h) a rs g i2 {x i2 ), that is F(xi x ) o> s F(xj 2 ), for some different i 1} i 2 G I 
and some x^ G Xjj and Xj 2 G Xj 2 . Then, by Lemma [731 a), Prs an d, 
hence, Xj x ~ p ccj 2 , which is not true, because and Xj 2 are elements of different 
components of X. 

(<=) Let F = [j i€l gi, where the functions / : I — > J and gi : Xj YfU), 
% G I, satisfy the given conditions. 

Let it, u G X, where u ^ v. If u, v G Xj for some i £ I then, since <7j is 
an injection, we have F(u) = gi{u) ^ g%{v) = F{v). Otherwise u G X^ and 
v G Xj 2 , where i\ ^ %2 and, by the assumption, -i g^ (u) a rs gi 2 (v), which implies 
9h(u) 7^ 5i 2 ( u ) that is F(u) ^ F(v). Thus F is an injection. 

In order to prove that F is a strong homomorphism we take u, v G X and prove 

u p v <^ F(u) crF(v). (11) 

If u, v G Xj, for some i £ I, then we have: u p v iff u pi v (since px, = Pi) iff 
°7(i) 9i(v) (because & : Xj <^-» Y /(i) ) iff #j(V) cr (since ay /(i) = cr /( j)) 
iff F(u) cr F(v) (because F \ X; L = So CLl) is true. 

If u G Xj x and w G Xj 2 , where i\ ^ i%, then ->u p v, because u and v are 
in different components of X. By the assumption we have -i gi^u) a rs gi 2 {v), 
which implies -i g^ (u) a gi 2 (v), that is -i F(u) a F(v). So (fTTI) is true again. 

(b) follows from (a) and the fact that C £ P(X) iff there is F : X ^ X such 
that C = F[X\. a 



From Ai to D 5 : Towards a forcing-related classification 



15 



8 Embedding-incomparable components 

Two structures X and Y will be called embedding-incomparable iff X y^> Y and 
Yy^X. We will use the following fact. 

Fact 8.1 Let P, Q and Pj, i G I, be partial orderings. Then 

(a) If P = Q, then smP smQ and sqP = sqQ; 

(b) sm(n ie/ P,)=n ie /SmP i; 

(c) sq(n i67 Pi) = n ie iSqPi- 

Theorem 8.2 Let p be a binary relation on a set X. If the components Xj = 
(X{, pXi), i G J, of the structure X = (X, /?) are embedding-incomparable, then 

(a) (P(X),c)-n ie /(P(Xi),c); 

(b) sq(P(X),c)=n ie /Sq(n^),C). 

(c) X is a divisible structure. 

Proof, (a) By Theorem 17.5T b) and since the structures X, are embedding-incom- 
parable, C G P(X) iff there are embeddings g+ : Xj <-)■ Xj, i G J, such that 
C = Uie/9i[^] and Prs for each different i,j G J, each x € Xj 

and each y G Xj. But, since i 7^ j, x G Xj and y G Xj implies <?j(x) G Xj and 
gj{y) G Xj, it is impossible that gi(x) p rs gj(y) and, hence, the last condition 
is implied by the condition that y, : Xj <— » Xj, for each j £ I Consequently, 
P(X) = {Ujg/ Cj : (Cj : t G I) G ILe/ 1 "^)} and k is eas y to check that ^ 
mapping / : Eke/OW C) -► <P(X), C) given by /((Cj : i G J)) = (J <e j Q ™ 
an isomorphism of posets. 

(b) follows from (a) and Fact l8.U a) and (c). 

(c) The partition X = Xj U (X \ Xj) witnesses that X is divisible. □ 

9 From Ai to D 5 

In this section we show that the diagram on Figure [T] is correct. The relations 
between the properties of X and P(X) are established in the previous sections. 
Since | sq(P(X), c)| < |P(X)|, the classes B u C x , D x , C 2 and D 2 are empty and, 
since sq([w] w , c) = (P(w)/Fin) + is a cr-closed atomless poset, the classes ^5, 
B§ and C5 are empty as well. By Theorem 15. 3 1 we have A4 = B4 = and in the 
sequel we show that the remaining classes contain some structures. First, the graph 
Gz mentioned in the Introduction belongs to A\ and its restriction to N to A 2 . 
The class B 2 contains the digraph constructed in Example I4.4l and in the following 
examples we construct some structures from ^3, B3 and C3. 
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Example 9.1 (P(X), c) collapses c to w and X is a divisible structure belonging 

to C 3 . Let X = (X,p) = (\J n > 3 G f n ,U n > 3 p' n ), where the sets G' n , n > 3, are 
pairwise disjoint and (G' n , p' n ) = (G n ,p n ), where the structure (G n , p n ) is the 
directed graph defined by G n = <UJ 2 X {0, 1, . . . , n — 1} and 

p n = {(( lfj 0), (tp~k, 0)) : <p G <UJ 2 A k G 2} U 

{{(<p,i), (<p,j)) : ip G <w 2 A (i, j) G {(0, 1), (1, 2), . . . , (n - 1,0)}}. 

Using the obvious fact that two cycle graphs of different size are embedding in- 
comparable we easily prove that for different m,n > 3 the structures (G m ,p m ) 
and (G n , p n ) are embedding incomparable as well so, by (a) of Theorem 18.21 

(p(x),c) = n„>3<n(G„,Pn>),c). d2) 

Let n > 3. Like in Example 03] for ip G <UJ 2 let A 9 = {ip G <UJ 2 : <p C ip} and 
S v = x {0, 1, . . . , n — 1}. Let us prove that 

n(G n ,Pn)) ={B V :v?G <w 2}. (13) 

The inclusion "D" is evident. Conversely, let B G P((G n , p n )) and / : (G n , p n ) 
(G n ,p n ), where S = Clearly, deg(w) G {4,5}, for each vertex u G 

<UJ 2 x {0}, and deg(u) = 2, otherwise Thus, since / preserves degrees of vertices 
we have f[ <UJ 2 x {0}] C <UJ 2 x {0} and / \ <UJ 2 x {0} : <UJ 2 x {0} <^ <UJ 2 x {0}. 
Since the digraph <w 2 x {0} is isomorphic to the digraph G<^2> by Example I4.4L 
there is ip G <w 2 such that 

f[<"2 x {0}] = A v x {0}. (14) 

Now, since each v G G n belongs to a unique cycle graph with n vertices and / 
preserves this property by ([T41 we have B = f [G n ] = and (fT3l) is proved. 

By (O, like in Example [4~4l we prove that (F((G n , p n )), c) ^ ( <tJ 2,D). 
Thus, by ([13]), the poset (P(X), C) is isomorphic to the direct product ( <U) 2, d) w 
of countably many Cohen posets which collapses c to to (see [2], (E4) on page 294). 
The partition X = G3 U (X \ G3) witnesses that X is a divisible structure. 

Example 9.2 (P(X),c) is an atomic poset of size c and X G A3. Let X = 

(X,p) = (U n >3 G' n , U n >3 Pn)» where the sets G^, n > 3, are pairwise dis- 
joint and (G' n , p' n ) is isomorphic to the digraph (G n ,p n ) given by G n = lo x 
{0, 1, . . . , n — 1} and 



p n = {{(n,0),(n + l,0)} :nGw}U 

{<(n,i>, (n,i)) : n G w A (i, j) G {(0, 1), (1, 2), . . . , (n - 1, 0)}}. 
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As in Example 19. II we prove that for different m, n > 3 the structures (G m , p m ) 
and (G n , p n ) are embedding incomparable so, by (a) of Theorem 18.21 

<p(x),c) = n„>3<n<G„,p„>),c). as) 

Let n > 3. Using the arguments from Example 19. II we easily prove that 

F((G n ,p n )) = {B k :keco}, (16) 

where B^ = (co \ k) x {0, 1, . . . , n — 1}, for k € oj. 

By ([T6]) we have (F((G n ,p n )), c) = (oj, >) = oj*. Thus, by £[5]>, the poset 
(P(X), c) is isomorphic to the direct product (oj*) u of countably many copies of 
oj* which is an atomic lattice of size c. 

Example 9.3 sq(P(X),c) = ( <aJ 2, d) although |P(X)| = c, thus X E B 3 . Let 

Y = (Y, p) be the digraph considered in Example 14.41 and Z = (Z, <t c ), where 
(Z, a) is isomorphic to the digraph from Example 19.2 l and Yf\Z = 0. Since (Z, a) 
is a disconnected structure, by Proposition 17.3( a) the structure Z is connected and, 
clearly, a c = [Z x Z) \ a is a reflexive relation, which implies that the structures 

Y and Z are embedding incomparable. Thus, by Theorem 18.2( a). for the structure 
X = YUZ we have (P(X), c) ^ (P(Y), c) x (P(Z), c) and, since by Proposition 
Ob) P(Z) = F((Z,a)), we have |P(X)| = c. 

ByTheorem[01;b)wehavesq(P(X),c) S sq(P(Y), c) xsq(P(Z), c). Since 
(P(Z), c) is an atomic poset, by Theorem 14.3( a) we have | sq(P(Z), c}| = 1 and, 
hence, sq(P(X), c) ^ ( <UJ 2, D) x 1 ^ ( <w 2, d). 

In the sequel we show that the remaining classes are non-empty and give more 
information about some basic classes of structures. 

Linear orders. A linear order L is scattered iff it does not contain a dense 
suborder or, equivalently, a copy of the rationals, Q. Otherwise L is a non-scattered 
linear order. So, if L is a countable linear order, we have the following cases. 

Case 1: L is non-scattered. By [3], for each non-scattered linear order L the 
poset (P(L), C) is forcing equivalent to the two-step iteration 8 * it, where S is the 
Sacks forcing and 1§ lh u ir is a u-closed forcing". If the equality sh(S) = Hi or 
PFA holds in the ground model, then the second iterand is forcing equivalent to the 
poset (P(w)/Fin) + of the Sacks extension. So, if L is a countable non-scattered 
linear order, then forcing by (P(L), c) produces reals. In addition, L is indivisible. 
Namely, if Q is a copy of Q in L and L = AqOAi, then, since Q is indivisible, 
there is k € {0, 1} such that Q n A k contains a copy of Q and, by the universality 
of Q, Q n Ak contains a copy of L as well. Hence, L € C4. 
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Case 2: L is scattered. By 01 for each countable scattered linear order L 
the partial ordering sq(P(L),c) is atomless and cr-closed. In particular, if a is 
a countable ordinal and a = oj ln+Tn s n + . . . + io^ 0+r °so + k its representation 
in the Cantor normal form, where k G 10, rj G u, Sj € N, 7, G LimU{l} and 
7n + r n > . . . > 70 + r , then by Q 

sq(P(a),c) = nr=o ((V (P(^)/^)) + ) S \ (17) 

where, for an ordinal ft, Tg = {C C ft : ft C} and, for a poset P, rp(P) 
denotes the reduced power P w / =Fm and rp fc+1 (P) = rp(rp fc (P)). In particular, 
for u < a < u" we have 

sq(P(E°=n^ 1+r< ^)>C ) = nr=o ((V (PM/Fin)) + ) Si . (18) 

Thus if L is a scattered linear order, then L G D 3 U Z? 4 U D 5 and, for example, 
a; + a;G-D3,a;-ajG-D4 and w £ D 5 , since an ordinal a < u\ is an indivisible 
structure iff a = cjP, for some ordinal /3 > 0. 

So, under the CH, for a countable linear order L the poset (P(X), C) is forcing 
equivalent to S * ir, where 1§ lh u ir = (P(oj) / Fin) + ", if L is non-scattered; and to 
(P(uj) I Fin) + , if L is scattered. But it is consistent that the poset (P(w + w), c) 
is not forcing equivalent to (P(u)/ Fin) + : by (PT8T ) we have sq(P(w + w), C) = 
(P(w)/Fin) + x (P(w)/Fin) + and, by a result of Shelah and Spinas 033, it is 
consistent that (P(ui) / Fin) + and its square are not forcing equivalent. 

Equivalence relations and similar structures. By a more general theorem 
from 153 we have: If Xj = (Xi,px t ), i G /, are the components of a countable 
binary structure X = (X, p) , which is 

- either an equivalence relation, 

- or a disjoint union of complete graphs, 

- or a disjoint union of ordinals < ui, 

then sq(P(X), c) is a cr-closed atomless poset. More precisely, if JV = {\X{\ : 
i G I}, iVfln = N \ {u}, I K = {i £ I : \Xi\ = k\, k, G N, and [/J = p,, then 
the following table describes a forcing equivalent and some cardinal invariants of 

(P(x),c) ^ 



X 


sq(P(X), C> is 
forcing equivalent to 


sq<P(X), C> is 


ZFCh sq<P(X), C) 
is fi -distributive 


JV G \fi\< u or |I| = 1 


(PM/Fin) + 


t-closed 


YES 


< |iV fin |, \I U \ < w 


((P(u/)/Fin) + )™ 


t-closed 


NO 


14,1 < w = |JV fin 


(P(A)/£-D fin )+ x ((P(u,)/Fin)+)" 


cr-closed 


NO 




{P(u> X u)/(Fin X Fin)) + 


a-closed, not OJ2 -closed 


NO 
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where A = {(m, n) G N x N : n < m} and the ideal EV^ in P(A) is defined by 
£X> fln = {S c A : 3r e N Vm e N |5n({m} x {1, 2, . . . , m})\ <r}. 

The structure X is indivisible iff N € [N] w or iV = {1} or |7| = 1 or % \ = u. 

Thus if X is a countable equivalence relation, then X G D3U -D4 U and some 
examples of such structures are given in the diagram in Figure|9] We remark that, if 
F K denotes the full relation on a set of size k, the following countable equivalence 
relations are ultrahomogeneous: |J W F n (indivisible iff n = 1); (J n F u (indivisible 
iff n = 1) and \J U F^ (the w-homogeneous-universal equivalence relation, indivis- 
ible of course). 



■ — X ultrahomogeneous — ■ 



Ui^ 



D 3 



V2 F u 

X equivalence relation 



^3 u LL Fi 



Figure 2: Equivalence relations on countable sets 

The same picture is obtained for 

- Disconnected countable ultrahomogeneous graphs, which are (by the well 
known classification of Lachlan and Woodrow) of the form \} m K n , where mn = 
uj (the disjoint union of m-many complete graphs of size n); 

- Countable posets of the form {J m L n , where mn = uj (the disjoint union of 
m-many copies of the ordinal n G [1, uj]). 

We note that the relational structures observed in this section are disconnected 
but taking their complements we obtain connected structures with the same posets 
(P(X), C) and sq(P(X), c). For example, the complement of [J F n is the graph- 
theoretic complement of the graph \J K n . 
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